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qq ' Abstract. We prove that each real semisimple Lie algebra g has a 

Q-form 0q, such that every real representation of gQ can be realized 
over Q. This was previously proved by M. S. Raghunathan (and 
rediscovered by P. Eberlein) in the special case where g is compact. 
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1. Introduction 

All Lie algebras and all representations are assumed to be finite- 
■ dimensional. It is easy to see, from the theory of highest weights, 

that if g is an R-split, semisimple Lie algebra over R, then every C- 
qq \ representation of g has an R-form (see pTT|) . (That is, if Vc is a repre- 

sentation of g over C, then there is a real representation V of g, such 
that Vc — V ®r C.) Because every semisimple Lie algebra over C has 
psj ■ an R-split real form, this leads to the following immediate conclusion: 

O ■ 

1.1. Remark. Any complex semisimple Lie algebra Qc has a real 
form g, such that every C-representation of g has a real form. 
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In this paper, we prove the analogous statement with the field ex- 
tension C/R replaced with 



X 



1.2. Theorem (see p.6| (|2])). Any real semisimple Lie algebra g has a 



Q-form gQ, such that every real representation of gq has a Q-form. 

In the special case where g is compact, the theorem was proved 
by M. S. Raghunathan ||R2| , §3]. This special case was independently 
rediscovered by P. Eberlein 0, and a very nice proof was found by 
R. Pink and G. Prasad (personal communication, see When g is 
compact, these authors showed that the "obvious" Q-form of g has the 
desired property. 
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At the other extreme, where g is R-split, we may take to be any 



J-split Q-form of (see 3.1) 



The general case is a combination of the two extremes, and the de- 
sired Q-form can be obtained from a Chevalley basis of q ®m C by 
slightly modifying a construction of A. Borel |B[] (see §B|). We give two 
different proofs that this Q-form has the desired property: one proof is 
by the method of Pink and Prasad, using a little bit of number theory 
(see §[|), and the other proof is by reducing to the compact case, so 
Raghunathan's theorem applies (see §^). 

It would be interesting to characterize the semisimple Lie algebras 
Qq over Q, such that every real representation has a Q-form. For 
example, work of J. Tits |T| implies that every Q-form of sp(n) has 
this property (see |7.2|) . On the other hand, it is important to note that 
there exist examples of Q(z)-split Lie algebras that do not have this 
property (see |733f) . (Real representations of such a Lie algebra can be 
realized over both Q(i) and R, but not over Q(i) fl R = Q.) 
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2. More precise statement of the main result 

2.1. Proposition (Pink, Prasad, see §[|). Suppose G is a connected, 
reductive algebraic Q-group. If 

(a) G is split over some imaginary quadratic extension F ofQ, and 

(b) G is quasi-split over the p-adic field Q p , for every odd prime p, 
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then each irreducible ^-representation ofG remains irreducible overW. 
This can be restated in the following equivalent form. 

2.2. Definition. Suppose (tt, V) is a real representation of an algebraic 
Q-group G. A Q-subspace Vq of Vr is a Q-form of (tt, V) if 

• Vq is GQ-invariant, and 

• Vq is the Q-span of an M-basis of Vr (so Vk = Vq ®q R). 

2.3. Corollary (see j3.3| ). 7/G is as m Prop. 1| , then every real rep- 
resentation of G has a Q-form. 

2.4. Proposition (see §|6]). Every connected, simply connected, semisim- 
ple real algebraic group has a Q-form satisfying the hypotheses of Prop. \2. 1\. 



Combining Prop. |2.4| with Prop. |2J] and Cor. [2.3| immediately yields 
the following conclusion. 

2.5. Definition. Suppose 

• 0q is a Lie algebra over Q, and 

• (-7T, V) is a real representation of 0q. 

A Q-subspace Vq of V is a Q-form of (tt, V) if 

• Vq is gQ-invariant, and 

• Vq is the Q-span of an M-basis of V (so V = Vq ®q R). 

2.6. Corollary. Any real semisimple Lie algebra g has a Q-form Qq, 
such that 

(1) if Vq is any irreducible Q-representation of Qq, then the M- 
representation Vr = Vq ®q R is irreducible; and 

(2) every real representation of Qq has a Q-form. 

See Thm. |5.2| for a version of Prop. |2]T] that replaces |2.1| (|rjD with 
a quite different hypothesis, due to M. S. Raghunathan. The Q-form 
constructed in §^ also satisfies this alternate hypothesis, so this yields 
a different proof of Cor. |2.6j . 



3. Preliminaries 
The following is well known (see, for example, [^, Thm. 2.5]). 

3.1. Lemma. Let 

• F be a subfield ofC, 

• g be a semisimple Lie algebra over F, and 

• Vc be a C -representation of g. 

If g is F -split, then V has an F-form. 
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Proof. Let t be a maximal F-split torus of g. Because every repre- 
sentation of g is a direct sum of irreducibles, we may assume Vc is 
irreducible; let A be the highest weight of Vc (with respect to some 
ordering of the roots of t). Since A is a character of the F-split torus t, 
we know that A(tp) C F. So there is an F-representation Vp of g with 
highest weight A. Hence, Vp ®f C = Vc, so Vp is (isomorphic to) an 
F-form of Vc- □ 

For future reference, let us record the following consequence of this 
fact. 

3.2. Corollary. Suppose, for some quadratic extension F of Q, that g 
is an F -split, semisimple Lie algebra over Q. 

(1) IfVp is any irreducible F -representation of gp, then Vq is irre- 
ducible. 

(2) IfVq is any irreducible ^-representation of g, then Vc is either 
irreducible or the direct sum of two irreducibles. 



Proof. ([!]) The proof of Lem. |3.3| (^=) below shows that this is a conse- 
quence of Lem. |3~T| . 

(§) Write F = Q[y/r\, for some r G Q. Because V> = Vq + VrV Q 
(and Vq is an irreducible 0Q-module), we know that the 0i?-module Vp 
is either irreducible or the direct sum of two irreducibles. Then the 
desired conclusion follows from (p]). □ 

The following observation must be well known. The direction 
can be found in |[R2j , §3]. 

3.3. Lemma. Suppose G is a connected, semisimple algebraic group 
over Q. Every irreducible ^-representation of G remains irreducible 
over R if and only if every real representation of G has a Q-form. 

Proof. (<=) Let V be a Q-representation of G, such that Vr is reducible. 
(We wish to show that V is reducible.) We may write Vr = U\ © U2, 
for some nontrivial R-representations U\ and Ui- By assumption, there 
exist Q-representations V\ and V 2 , such that (V})h = Uj. Then 

V R = U 1 ®U 2 = (V1) R © (V 2 ) R ^ (Vt © V 2 ) R . 

Thus, V is isomorphic to V\ © V 2 over R. Since both V and V\ © V 2 
are defined over Q, this implies that V is isomorphic to V\ © V 2 over Q. 
(The g-equivariant maps from Vr to (Vi © V 2 )]r form a real vector space 
that is defined over Q, so the Q-points span.) Thus, V is reducible. 

Let V be a real representation of G. To simplify notation (and 
because this is the only case we need), let us assume that G is split 
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over some imaginary quadratic extension F of Q. Then Vc has an in- 
form U. Let U\q be the Q-representation obtained by viewing U as a 
vector space over Q. 

Now write U\q = U\ © • • • © U r as a direct sum of irreducible Q- 
modules. Then 

Vck = U c \m = (U\q)m = (*7i)r © • • ■ © (U r ) M 

Since V is a submodule of Vc|r (indeed, Vc|r is the direct sum V®iV 
of two copies of V), and, by assumption, each (Uj)®. is irreducible, 
we conclude that V is isomorphic to (Uj)®, for some j. So (up to 
isomorphism) Uj is a Q-form of V. □ 

We also use the following (special case of a) result of J. Tits [[I], 
Thms. 7.2(i) and 3.3] that applies to the quasi-split case. In our appli- 



cations, F will be a p-adic field Q p (see pTT|(|bD). 

3.4. Proposition (Tits). Let 

• F be a field of chacteristic zero, 

• G be a connected, reductive algebraic F-group, and 

• (7r, V) be an irreducible F -representation ofG. 

If G is quasi-split over F, then Eb.c\g(V) is commutative. 

Proof. By assumption, G has a Borel subgroup B that is defined over F. 
Let v G V be a nonzero vector that is fixed by every element of the 
unipotent radical of B, and let F be the algebraic closure of F. 

Schur's Lemma asserts that Endc(V0 is a division algebra. By 
enlarging F, we may assume that F is the center of Endc(V A ), so 
Endc(Vp) = End G (V r )©i?F is a simple algebra, which implies that is 
isotypic: we have Vp = W@- ■ -ffiW, for some irreducible g^-module W . 
This implies that v is a weight vector (that is, an eigenvector for n(B)), 
so V is a highest-weight module. Therefore Endc^) = F, which is 
abelian, as desired. □ 

The method of R. Pink and G. Prasad utilizes the following classical 
result of number theory. It is obtained by combining the Hasse Prin- 
cipal (or local-to-global principle) with the fact that the sum of the 
local invariants of a quaternion algebra (or, what is the same thing, of 
a quadratic form) is (so, if all but one of them vanish, then they all 
must vanish). 

3.5. Lemma (cf. |^e|, Cor. 3.2.3, p. 43]). Let C be a quaternion division 
algebra over Q. If C splits over Q p , for every odd prime p, then C does 
not split over R. 
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3.6. Remark. The exceptional prime 2 can be replaced with any other 
prime in Lem. |3.5| : if there is a prime po , such that G is quasi-split over 
the p-adic field Q p , for every prime p ^ po, then C does not split over R. 
But we have no need for this more general (and somewhat less concise) 
version. 

4. The method of Pink and Prasad 

Proof of Prop. |2.1| . Suppose (ir, Vq) is an irreducible representation 
of G over <Q>. Let 

C = End G (y Q ) 

be the centralizer of tt(Gq) in End^V^). Then Schur's Lemma tells us 
that C is a division algebra over Q. 

Because G splits over the quadratic extension F, we know that Vq 
is either irreducible or the sum of two irreducibles (see |3.2|(p])). 

Case 1. Assume Vq is irreducible. Then Vr is obviously irreducible. 

Case 2. Assume Vq is the direct sum of two irreducibles that are not 
isomorphic. From the assumption of this case, and the fact that G splits 
over F, we know that Vp is the direct sum of two irreducibles that are 
not isomorphic. Therefore, End G (Vp) = F © F, so C ©q F = F © F. 
Write F = Q[\/— r\, for some r G Q + . 

• Because FQ)F is commutative, we know that C is commutative, 
so C is a field. 

• Because dim^(F © F) — 2, we know that dim^ C = 2. 

• Because C©qF = C[y/— r] is not a field, we know that C contains 
a root of x 2 + r. 

We conclude that C = F. 
Therefore 

End G (V R ) = C©qM = F© q M^C 
is a field. So is irreducible. 

Case 3. Assume Vq is the direct sum of two irreducibles that are iso- 
morphic. In this case, we know that End G (Vc) — Mat 2x2 (C) is 4- 
dimensional over C. Since Endc(Vc) — C ©q C, we conclude that C is 
4-dimensional over Q. Thus, C is a quaternion algebra over Q. 

For every odd prime p, Prop. |32§ (and the fact that C ©q Q p is not 
commutative) implies that Vq p is reducible, so C ©q Q p = Endc(VQ p ) 
is not a division algebra. In other words, C splits over Q p . 

Now, Lem. |3.5| asserts that C does not split over K. This means 
that Endc(VK) = C ©q R is a division algebra. We conclude that is 
irreducible, as desired. □ 
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4.1. Remark. From the proof (and Rem. |3.6| ), it is clear that the 
exceptional prime 2 can be replaced with any other prime in Condi- 
tion |2TT|(|b"|): it suffices to assume that there is a prime p , such that G 
is quasi-split over the p-adic field Q p , for every prime p ^ Po- The case 



Po = 2 is all we need for our proof of Cor. p6 



5. Reducing to the compact case 

5.1. Definition. Suppose G is a connected, reductive algebraic Q- 
group. Let 

• S be a maximal Q-split torus of G; 

• C = Cg(S) be the centralizer of 5*; 

• M' be the (unique) maximal connected, semisimple subgroup 
of the reductive group C; 

• T be a maximal Q-torus of M'; 

• $ + be the positive roots of (m^,tc) (with respect to some or- 
dering); and 

• $~ be the set of negative roots. 

We call M' the semisimple anisotropic kernel of G. 
We say that the longest element of the Weyl group of the anisotropic 
kernel of G is realized over Q if there is some w G Nm'(T)q, such that 

u>($ + ) = 

Here, as usual, the normalizer Nm>{T) acts on t* by 

w(X)(t) = \(w~Hw). 

It is important to notice (from the subscripts in Nm'(T)q) that w is 
required to be in the semisimple group M', and that w is required to 
be a Q-element. 

5.2. Theorem. Suppose G is a connected, reductive algebraic Q-group. 
If 

(a) G is split over some imaginary quadratic extension F of Q, 

(b) Q-rankG = R-rankG, and 

(c) the longest element of the Weyl group of the anisotropic kernel 
of G is realized over Q, 

then each irreducible ^-representation of G remains irreducible ouerR. 

M. S. Raghunathan | |R2j , §3] proved Thm. |5.2| in the special case 
where 

• G is semisimple, and 

• R-rankG = (in other words, G is compact). 

The following result shows that the general case follows from this. 
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5.3. Proposition. Suppose G is a connected, reductive algebraic group 
over Q, and let M' be the semisimple anisotropic kernel of G. If 

• G is split over some imaginary quadratic extension F of Q; 

• Q-rankG = R-rankG; and 

• every irreducible ^-representation of M' remains irreducible 
over K, 

then every irreducible ^-representation ofG remains irreducible overM.. 

5.4. Remark. There is no need to assume that the quadratic exten- 
sion F is imaginary in (|5.2| ) or (|5.3|) : if F is real, then the hypotheses 
imply that G is Q-split, so Lem. |3.1| applies. 

Before proving the proposition, let us state a simple lemma, which 
reduces the construction of Q-forms of representations of G to the 
same problem for certain representations of a minimal parabolic P. It 
is similar to the usual construction of highest weight modules. 

5.5. Lemma. Let 

• q be a semisimple Lie algebra over Q; 

• t be a maximal Q-split torus of g; 

• $q be the system of Q-roots of (g,t); 

• p be a minimal parabolic Q-subalgebra of g that contains t; 

• V be an irreducible, real g-module; 

• A: t — > Q be the highest weight ofV, with respect to the ordering 
o/$q determined by the parabolic p; and 

• U be a p-invariant Q-form of the weight space V x . 

Then the representation V has a Q-form. 

Proof. Let Aq be the base of $q determined by p. Let U be the Q-span 
of 

{ ym ■ ■ ■ VkW \w eU,aj e A Q , y j e g- aj }. 

Step 1. U is g-invariant. From the definition of U, it is obvious that 
[g- a , U] C U for all a G Aq. Also, because both the centralizer c (t) 
and the root space g a are contained in p, it is not difficult to see (by 
induction on k) that [c g (t),£7] C U and [g a , U] C U, for all a G Aq. 
Since 



CflW u LUa o (0" u fl-a) generates g, 
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we conclude that U is g-invariant. 

Step 2. U spans V over M.. The M-span of U is a sub module of V. so 
the desired conclusion follows from the fact that V is irreducible. 

Step 3. Ifa\,...,a r are real numbers that are linearly independent 
overQ, and wi, . . . , w r are nonzero elements ofU, then Y7j=i a j w j 0- 
Suppose Y7j=i a j w j = 0- (This will lead to a contradiction.) 
Since 2/12/2 • • -VkW G V x ~ ai Qfc , we see that 

(5.6) unv x = u 
and 

(5.7) £/ = 0(£/nV^). 



Because of ( |5.7|) , we may assume there is some weight /1, such that 
Wj G V 11 for all j. (Project to some V* 1 , and delete the w/s whose 
projection is 0.) 

Because V is irreducible, and A is the highest weight, there exist 
xx, . . . , Xk G U ae A o 0a, such that x\ ■ • • x^W\ is a nonzero element of V x . 
From (|5.7p , we see that x\---XkWj G V x for every j. Hence, ( |5.6|) 
implies that x\ ■ ■ -x^Wj G U for all j. Since 

r r 

cij(xi ■ ■ ■ XkWj) — xi • • ■ Xk ajWj = x\ ■ ■ ■ Xk ■ = 0, 

3=1 3=1 

and U is a Q-form of V x , this implies that X\ ■ ■ ■ x^Wj = for every j. 
This contradicts the choice of xi, . . . , x^. 

Step 4- Completion of proof. From Steps |2] and ^|, we see that the 
natural scalar-multiplication map M ®q U — > V is a bijection. So U is 
a Q-form of the vector space V. By combining this with Step [TJ, we 
conclude that U is a Q-form of the representation. □ 

Proof of Prop. |5.3| . We consider two cases. 

Case 1. Assume that the semisimple part of is compact. We may 
write G = M'AT, where 

• M' is connected and semisimple (so, by assumption, is com- 
pact); 

• A is a Q-split torus; and 

• T is a torus that is anisotropic over Q. 
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Let V be an irreducible Q-representation of G. Since A, being a Q- 
split, central torus, acts by scalars, we know that V is an irreducible 
Q-representation of M'T . 

Subcase 1.1. Assume T acts trivially on V . Then V is an irreducible Q- 
representation of M', so, by assumption, it remains irreducible over R. 

Subcase 1.2. Assume T acts nontrivially on V . Because Tp is an F- 
split, central torus, its Lie algebra defines an action of F on V that cen- 
tralizes M' . Thus, we may think of V as an irreducible F-representation 
of M' . Let us say Vq = Wf] then Vr = Wc- Because M' is F-split, we 
know that Wc is irreducible (see ^2|([l|)). 

Because Q-rankT = and Q-rankG = M-rankG, we see that 
M-rankT = 0, which means 7r is compact, so the Lie algebra of T 
acts by purely imaginary scalars on Wc- Thus, any M'T-invariant R- 
submodule of Vr is an M'-invariant C-submodule of Wc- Hence, the 
conclusion of the preceding paragraph implies that Vr is irreducible. 

Case 2. The general case. Given a representation V of G over R, we 
wish to show that V has a Q-form (see Lem. |3.3| ). Because repre- 
sentations of G are completely reducible, we may assume that V is 
irreducible. 

Let P be a minimal parabolic Q-subgroup of G, let T be a maximal 
Q-split torus of P, and A be the highest weight of V (with respect to T 
and P). 

Now V x is Cg{T) -invariant, so, from Case [I], we know that the vector 
space V x has a Q-form U that is CG(T)(Q-invariant. Then, since the 
unipotent radical of P annihilates V x , we know that U is Pq- invariant. 
So Lem. I^B implies that V has a Q-form. □ 



6. Construction of a good Q-form 
In this section, we provide an explicit construction of a Q-form of G 



that satisfies the hypotheses of Prop. |2.1| and Thm. 5.2 



6.1. Proposition. If G is a connected, simply connected, semisimple 
algebraic M.-group, then G has a Q-form, such that 

(1) G is split overQ(i), 

(2) G is quasi-split over the p-adic field Q p , for every odd prime p, 

(3) Q-rankG = M-rankG, and 

(4) every element of the Weyl group of the anisotropic kernel of G 
is defined over Q. 

The argument is a straightforward adaptation of A. Borel's clas- 
sical proof of the existence of an anisotropic Q-form. 
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Actually, like Borel, we do not directly construct Gq itself, but only 
the Lie algebra Qq, so, to avoid problems in passing from the Lie algebra 
to the group, we need to make some assumption on the fundamental 
group of G. (It needs to be a Q-subgroup of the universal cover G.) 
Therefore, the statement of Prop. |TT] requires G to be simply con- 
nected. Alternatively, one could require G to be adjoint, instead of 
simply connected, but the situation is not obvious for some intermedi- 
ate groups that are neither adjoint nor simply connected. 

6.2. Remark. As a complement to our explicit construction, it might 
be possible to use theorems of Galois cohomology to give a more ele- 
gant proof of Prop. In this vein, G. Prasad (see |0|, Prop. 6.4]) 
gave a very short proof of the existence of a Q-form satisfying |6.1| (|TD 
and |BTT1(|3|); perhaps a clever argument can yield |Q1(|2|) and/or |6.1|(ff|), 
as well, but they do not seem to be obvious. 

Let us set up the usual notation. 

6.3. Notation. 

• is a real semisimple Lie algebra; 

• /«(•,•) is the Killing form on g; 

• f) is a maximal torus (i.e., a Cartan subalgebra) of g; 

• $ is the set of roots of (gc, f)c)j 

• h a is the unique element of t)c, such that a(t) = n(t, h a ) for all 
t G f)c (for each a G $); 

• h* a — 2h a J n(h a , h a ) (for each a G $); 

• (flc)a is the root space corresponding to a G $; 

• 9 is a Cartan involution of g, such that 0(f)) = f) (we also use 
9 to denote the extension to a C-linear automorphism of gc); 

• g = 6 + p is the Cartan decomposition of g corresponding to 9 
(i.e., t and p are the +1 and —1 eigenspaces of 9, respectively). 

Because 9(1)) = f), we see that 9 induces a permutation of we have 
9 {(9c) a) = (flc)e(a)- 

The following lemma is a slight modification of a result of Borel [0, 
§3.2 and Lem. 3.5] that extends work of Chevalley and Weyl. (See 
|0, p. 116 and footnote on p. 117] for some historical remarks.) We 
follow Borel's proof almost verbatim. However, Borel assumed that the 
Cartan subalgebra 1} contains a maximal IR-anisotropic torus of g, and, 
using this assumption, he obtained a stronger version of (|3|): 9(x a ) = 

6.4. Lemma (Borel, Chevalley, Gantmacher, Weyl). Assume the no- 
tation of ( \6. 3D . 
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There is a function $ — > g : a i— > x Q , stzc/i that, for a, (3 G $, we 
(1) x a G g a ; 

-A* i/a + /3 = 0, 

z /o^ a + /5^$, 

(6.5) JV a>/3 = N. a ,. = ±(p a>/3 + 1) 

and Pa^p > is the greatest integer such that a — p a ,pl3 G $; 

(3) 6»(s Q ) G {±xe{ a ), ±ix e ( a )}; and 

(4) 6 + ip = ^ + ^{ + ^-a I Z G C } . 

Proo/([0, §3.2-§3.5] or fRT], Chap. 14]). The famous Chevalley basis 
satisfies (|lj) and (§. 

.Step i. We may assume (0) holds. Recall that all of the maximal 
compact subgroups of any connected Lie group are conjugate to each 
other, and that all of the maximal toruses of any connected, compact 
Lie group are conjugate to each other. Thus, since the LHS and RHS of 
@ are maximal compact subalgebras of Qc that contain the maximal 
torus ^] ae$ jM a , they are conjugate, via an automorphism of gc that 
normalizes J2 a e<s> ^h a . Hence, by replacing {x a } ae $ with a conjugate, 
we may assume @ holds. 

Step 2. For each a G $, define c a G C by 9{x a ) = c a XQi a \; then 

(6.6) C- a = — = C0t a ) for all a G $ 

c 

ot 

and 

(6.7) CqC/3 = ±c a+/ 3 for all a, P G $, such that a + (3 G 
Note that 

C a C— a hg^ = [c Q £g( Q ) , C_ a £_0(Q,)] 

= [0(x a ),0(x_ a )] = 0[x Q ,,x_ Q ,] = -9(h* a ). 

Because 9{h* a ) = /iL* (since 9 is an automorphism that fixes h), this 
implies that c a c_ a = 1, which establishes part of ( |6.6| ). For the other 
part, we use the fact that 9 2 = Id to calculate 

X a = 9 2 (x a ) = C a 9{xo{ a )) = C a C 6 ( a ) X a . 
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To establish ( |6.7|) , note that Pe( a ),e(p) = Pa,p (because 9 is an auto- 
morphism), so NgMflifi) = ±N a> p. Now use the fact that 

[9(x a ),8(xp)] = 9[x a ,xp). 

Step 3. We may assume (0) holds. Let A be a basis of $ (with respect 
to some order). Then A is a basis of the dual space f)*, so there is some 
h E f)c, such that e a ( h > = c a , for every a E A. Then, from (|6.7|), we see, 
by induction on the length of a, that e a ^ h ' = ±c a , for every a E $ + . 
Because c_ a = l/c a , then we have e a w = ±c Q , for every a E $. 

For each a E let x' a = e~ a ( h ^ 2 x a . Then it is easy to see that ([[]) 
and (0) hold with x' a in the place of x a . 

Because 8(t + ip) = t + ip, we see from (|j) that c_ a = c^. Then 
l/c a = c_ a = c^, so |c a | = 1. Therefore, a(h) is pure imaginary for 
every a E A. By linearity, then a(h) is pure imaginary for every a E $, 
so e" a(/l)/2 = e Q ( h )/ 2 , for every a E Thus, (||) holds with x' Q in the 
place of x a . 

For any a E $, we have 

^(x / J = e- Q W/ 2 ^(x a ) 

= (±c Q )~ 1/2 (c a a; e{Q) ) 
= (±c a ) 1 / 2 (e^)W/V e(Q) ) 
= {±c a ) l ' 2 {±c e(a) ) l / 2 x' e{a) 
= (±c a ) 1/2 (±c a )- 1 / 2 x' 9(a) 



Thus, (|3]) holds with x' Q in the place of i a . □ 

Prop. |6J] is obtained quite easily from this lemma. Most of the 
argument we give is based on [|B| or [[Rl], Chap. 14]. However, Steps 



and [7| are from |[R2| , §2], and Steps |8| and || are based on suggestions of 
G. Prasad (personal communication). 

Proof of Prop. |6.1j . We begin by establishing notation. 

• Let g be the Lie algebra of G. 

• Choose a maximal torus f) of g, such that R-rank f) = IR-rankg. 

• Assume the notation of ( |6.3|) . 

• Let t = f) fl p (so t is a maximal M-split torus of g). 

• Let {x a } ae <i> be as in Lem. |6.4| . 

• Let Q (j) be the Q(i)-span of {h* a ,x a } a£ ^ in g c = ®w C. 

• Let f)Q(i) = Pic H 0Q(i) be the Q(i)-span of {/i*} ae # in g c . 

• Let 0<q = 0Q(j) fl g. 
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We will show that 0q> is a Q-form of g, and that the corresponding 
Q-form Gq of G satisfies all the hypotheses of Prop. |6.1| . 

Step 1. 0Q(j) is a split Q{i)-form of g c , with fw^ being a Q(i) -split 
maximal torus. It is clear that Qqu) is a Q(z)-form of 0c (because it 
is the Q(i)-span of a basis, and is closed under brackets). It is split 
because it contains a Chevalley basis of gc, and t)Q(j) is the maximal 
split torus corresponding to this basis. 

Step 2. Each oft and p is the WL-span of its intersection with Qq. Be- 
cause each of these subspaces is contained in g, it suffices to prove the 
conclusion with Qq replaced by g<Q(i). 

Let Uq = (t + ip) ngQ(j). Then Uq is a Q-subspace of t + ip. Indeed, 
we see, from |6.4|(3), that Uq is a Q-form of the real vector space 6 + ip. 

Now t + ip and Qq^ are 6*-invariant (for the latter, see |T4]([D). So 
Uq is invariant. This means that, with respect to the Q-form Uq, 
the linear transformation 9\%+ip is defined over Q. Since the eigenval- 
ues (±1) are rational, we conclude that the eigenspaces are spanned 
(over M.) by the rational vectors, that is by elements of Uq. Concretely, 
this means that the R-span of t fl Uq is t, and the M-span of ip H Uq 
is ip. The first is exactly what we want to know about t. Multiplying 
by i transforms the second into exactly what we want to know about p. 

Step 3. Qq is a Q-form of g. Because g and Qq^ are closed under 
brackets, it is clear that Qq is a subalgebra of g. We just need to show 
that its IR-span is all of g. 

From Step 0, we know that the M-span of Qq contains both t and p. 
Therefore, it contains t + p = g. 

Step 4- Qq splits overQ(i). We already pointed out in Step [I] that Qq^ 
is split. 

Step 5. Q-rank qq = M-rank g . Because t = f) fl p is a maximal M-split 
torus of g, it suffices to show that t is (defined over Q and) Q-split. 

Substep 5.1. t is defined over Q. From Step [| we see that Qq^) = Qq + 
igq, so, for any (real) subspace X of g, we have XcDqq^ = (XflgQ)c- 
Thus, if Xc is the M-span of its intersection with Qqu), then X is the 
M-span of its intersection with Qq, i.e., X is defined over Q. 

It is clear, from the definition of Qq(i), that f)c is the M-span of 
its intersection with 0q(»). Hence, from the preceding paragraph, we 
conclude that f) is defined over Q. From Step 0, we know that p is also 
defined over Q. Hence, the intersection t = J) Pi p is defined over Q. 

Substep 5.2. t is is Q-split. Let T be the Q-torus of G corresponding 
to t. We know that T splits over R, so x(Tr) C R, for every character x 
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of T. Because tc t), and () splits over Q(i) (see Step HD, we know that 
X(T Q ) C Q(i), for every character x of T. So x(Tq) cKn Q(i) = Q, 
for every character x of T; hence, T is Q-split. 

S'fep 5. For eac/i a G $, Ze£ 

0±a = ((flc)a, (flc)-a) H 0. 

If a(t) = 0, then (g±a)q — 5u(2)q (/or £/ie usua/ Q-form on SU(2)). 
Because t is a maximal M-split torus, the assumption on a implies that 
(0c) a C 6c ( an d the same for —a). So, using |B~4](fID, we see that 



((flc)a, (flc)-a) Hg = ((fl C ) aj \0C J —a 

= zR/i* + { zx a + zx_ Q | 2 G C}. 

Therefore 

(((flc)a, (flc)-a) n fl) Q = iQ/l* + + | 2 G Q(l) } 

= «u(2) Q . 

S'tep 7. Every element of the Weyl group of the anisotropic kernel of G 
is realized over Q. The Weyl element of SU(2) is realized by the rational 
matrix 

[ 1" 

-l o ■ 

So Step H implies that all of the root reflections of the anisotropic 
kernel can be realized over Q. These reflections generate the entire 
Weyl group. 

Step 8. For any odd prime p, and any a G $, such that a(t) = 0, 
the Lie algebra g± a is Q p -split. The quadratic form x\ + x\ + x\ is 
isotropic over Q p (see, for example, PS| , Cor. 1.6.2, p. 50]), so so(3) is 
Qp-split. Since so(3) Qp = su(2) Qp and su(2) Qp ^ (0± q )q p (see Step §), 
we conclude that g± a is Q p -split. 

Step 9. Qq p is quasi-split, for every odd prime p. Let \I/ be a maximal 
set of pairwise orthogonal roots in { a G $ | a(i) = }. For each a G 
we know, from Step §, that (0± a )Q p contains a nontrivial Q p -split torus 
Sq, '. let 

From the maximality of we know that the centralizer of the torus 
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in 0q p is f)Q p , a (maximal) torus of gq p . Now both s and s' are maximal 
tori of the Lie algebra 

so they are conjugate over the algebraic closure of Q p . Therefore, the 
centralizer of s is also a (maximal) torus of Qq p . Because s is Q p -split, 
this implies that Qq p is quasi-split. □ 

7. Which Q-forms are R-universal? 

7.1. Definition. Let us say that a Lie algebra $q over Q is universal 
for real representations (or simply M.-universal, for short) if every real 
representation of Qq has a Q-form. 

We have shown that every semisimple real Lie algebra has an R- 
universal Q-form (see |2.6| ). Furthermore, our construction yields an 
example that is Q(«)-split (see pTT|(|T|)). In fact, results of J. Tits [TTTj 



show it is often the case that every Q(i)-split Q-form of g is R-universal. 

7.2. Proposition. Let g be a compact, simple Lie algebra over R. // 
g has a Q-form that splits over some quadratic extension of Q, but is 
not ^-universal, then either 

g = 5u(n), for some even n > A, 

or 

g = so(n), for some n ^ 3, 5 (mod 8). 

In this section, we show that the converse is true (cf. |7.4| ). 

Using Tits' approach, it should be possible to give an explicit list 
of the Q-forms of su(n) and so(n) that are not R-universal (except, 
perhaps, those that are triality forms of type ^D^ or & D^) . The author 
intends to attack this project in a future paper. 

Proof of Prop. |7.2| . Let F be a quadratic extension of Q, and sup- 
pose 0q is a Q-form of g that splits over F, but is not R-universal. (We 
remark that F must be an imaginary extension, because 0r = is com- 
pact, not split.) There is an irreducible Q-representation V of Qq, such 



that V is reducible over R (see |3.3|) . Thus, we may write = W © X 
(with W and X nontrivial). From Cor. |3~2|(|2|), we see that Wc and Xc 
are irreducible. 

Let A be the highest weight of Wc, and let w be the longest element 
of the Weyl group of g. Because Wc is irreducible, and has an R-form 
(namely, W), it must be the case that 

• w(\) = —A, and 
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• when A is expressed as a linear combination of simple roots, the 
sum of the coefficients is an integer 

(see JT], Prop. 6.1 and following comments]). Because Wc has no Q- 
form (any such Q-form would be isomorphic to a proper submodule 
of V) , it must be the case that 

• A is not an integral linear combination of roots 

(see JI], Thm. 3.3]). Now Lem. below yields the desired conclusion. 



□ 

The following observation is obtained by inspection of a list of the 
fundamental dominant weights of the complex simple Lie algebras of 
each type Ag, Bg, Cg, Dg, E e , E 7 , E 8 , F 4 , G 2 - Such a list appears in |H|, 
Table 1, p. 69]. 

7.3. Lemma. Suppose g is a simple Lie algebra overC, and letw be the 
longest element of the Weyl group of g. There is a dominant weight A 
of g, such that 

(1) w(X) = —A, and 

(2) when A is expressed as a linear combination of simple roots, the 
sum of the coefficients is an integer, and 

(3) A is not an integral linear combination of roots 

if and only if either 

(a) g is of type Ag, with i odd {and I > 3), or 

(b) g is of type Bg, with £ = 3 or 4 (mod 4) (and £ > 3), or 

(c) g is of type Dg (and £>3). 

Combining Lem. |7.3| with the following result establishes the converse 



of Prop. 7.2 



7.4. Proposition. Suppose 

• G is a compact, real, semisimple Lie group, 

• g is the Lie algebra of G; 

• i is a maximal torus of g; 

• $ is the root system of g (with respect to t) 

• w G G is a representative of the longest element of the Weyl 
group ofG; 

• V is an irreducible C -representation of G; and 

• A is the highest weight ofV. 

If 

• w(\) = — A; 

• when A is expressed as a linear combination of simple roots, the 
sum of the coefficients is an integer; and 
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• A ^ ($) (that is, A is not an integral linear combination of 
roots); 

then there exist 

(1) a real form Vr ofV; and 

(2) a Q-form q' q of g; 

such that 

(a) q'q splits overQ(i); and 

(b) Vr does not have a Q-form (with respect to q'q). 

Proof. ([TJ) Since w(\) = —A, we see that the lowest weight of V is —A. 
Since the dual of V is the irreducible g-module whose lowest weight 
is —A, we conclude that V is self-dual. That is, V is isomorphic to its 
dual. 

Because g is compact, there is a g-invariant Hermitian form on V, 
so V is conjugate-isomorphic to its dual. Combining this with the 
conclusion of preceding paragraph, we conclude that V is conjugate- 
isomorphic to itself. That is, V is isomorphic to its conjugate. There- 
fore V ®k C = V © V is the direct sum of two isomorphic irreducibles. 

Because the sum of the coefficients of A is an integer, V has a real 



form Vr (see 7.6). (We remark that any two real forms of V are iso- 



morphic, so it does not matter which one is chosen.} 



Let A be a base of <3>. The difference of the highest weight and 
the lowest weight is a sum of roots, so, because the highest weight is A 
and the lowest weight is —A, we may write 

r 

2A = asS, 
5eA 

with each as E Z. Because A ^ ($), there must be some r G A, such 
that a T is odd. 
Let 

be the usual Chevalley basis of Qc, so that 

g = 0*^,5 © 0{ zx a + zx_ a | z G C}. 

For each a G we may write 



a = 

5eA 



^c 5 (ct) 5, 
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with each cs(a) G Z. In particular, we have defined a function c T : $ — > 
Z. Now let 

flQW = ©Q(»)^ © 0(V3> (a) (Q(i)a; a + Q«a;_ a ) 

<5eA ae$ 

and 

0Q = flQ(i) n 

= 0*Q/^©0(v / 3) c ^ ) {^ + ^-« l«eQ(i)}. 

Because 

Q«(v / 3)- r = 3 r Q(i)(V3)" p = Q(0(V3) r , 
we see that 0q,~ is the Q(i)-span of the Chevalley basis 

{M*=A U { (V3)^W X a ) , 

so 0q,^ is a split Q(i)-form of 0c- From this (and because it is obvious 
that the M-span of q'q is all of q), it follows that q' q is a Q-form of 0, 
such that 0q splits over Q(i). 

(§5|) Suppose Vr has a 0^-invariant Q-form Vq. (This will lead to a 
contradiction.) Then there is a 0Q-equivariant conjugate-linear involu- 
tion </: Vfa V£ (i) . 

Let 0q be the standard Q-form of (obtained by replacing v^3 with 1 
in the above construction). We know (from Cor. |2.3| ) that Vr has a 
0Q-invariant Q-form Vq. Let a: Vqu\ — > Vqm be the corresponding 
0Q-equivariant conjugate-linear involution. 

Because all highest-weight vectors of V are scalar multiples of each 
other, there is no harm in assuming that (VJv^)* fl Vqm ^ 0. (Simply 
replace Vq^ with kVq^, for some k G C.) Then, because these are 
one-dimensional vector spaces over Q(i), we must have 

Then, by induction on the length of a, it is easy to see that if a is any 
integral combination of elements of A, with non-negative coefficients, 
then 

In particular, because c T (2A) is odd (this was how r was chosen), we 
know that 
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Because A(P)q) = A(F)q) C iQ, we have 

*( v m) = v m and = W A - 

Let / = a' o cr: V — > V, so / is C-linear and g-equivariant; hence, 
/ is a scalar, say /(f) = kv. Therefore 



so = V3k', for some fc' G Q(z). 
We have 

(a') 2 = (/ o a) 2 = (ka) 2 = (Vsk'a) 2 = 3k'F ^ 1 

(because 3 is not a sum of two rational squares). This contradicts the 
fact that a' is an involution. □ 

7.5. Example. The direct sum of M-universal Lie algebras need not 
be M-universal. For example, let gi = so(5) and g 2 = so(ll). For 
j = 1,2, the Lie algebra (fjj)c has a (fundamental) dominant weight 
Xj, such that, when Xj is expressed as a linear combination of simple 
roots, the sum of the coefficients is a half-integer. Then the weight 



Ai © A 2 of gi © g 2 satisfies the hypotheses of Prop. |7T4|, so gi © g 2 has a 
Q-form that is not M-universal. However, any Q-form of gi © g 2 must 
be the direct sum of Q-forms of the factors and those, by Prop. |7.2| , 
are M-universal. 

The following useful observations are well known, (^aj <^{4^) follows 
from Schur's Lemma. (|4"^ •^• f^) follows from [3t, Lem. 79(b), p. 226]. 



4^ 1 4d|) follows from JI], Prop. 6.1]. (^ -v» | 4cj ) is implicit in the 
proof on pp. 137-138 of |R2|. 



7.6. Lemma. Suppose 

• G is a compact, semisimple, real Lie group, 

• V is an irreducible, self-dual, real representation of G, 

• X is the highest weight of V , and 

• w G G is a representative of the longest element of the Weyl 
group of G. 

Then: 

(1) We have End G (V) = R or H. 

(2) We have w(X) = -X and X(w 2 ) = ±1. 

(3) We may write X as a linear combination of the fundamental 
dominent weights of G, and the sum s of the coefficients in this 
linear combination is either an integer or a half-integer. 
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(4) The following are equivalent: 

(a) V ®k C is irreducible; 

(b) End G (V) S R,- 

(c) X(w 2 ) = 1; 

(d) £/ie sum s zs an integer. 
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